Introduction {#Sec1}
============

The density-fixed adiabatic connection \[[@CR1]\] of Kohn--Sham (KS) density functional theory (DFT) is a powerful theoretical tool for the construction of approximate exchange--correlation (XC) functionals: for example, hybrid \[[@CR2]\] and double-hybrid functionals \[[@CR3]\] can be constructed from simple models of the adiabatic connection integrand \[[@CR4]--[@CR6]\]. These approximations, however, use exact ingredients only for the limit of small coupling strength and are thus biased toward the weakly correlated regime.

A class of approximations that removes this bias is based on the idea of Seidl et al. \[[@CR7]--[@CR9]\] to interpolate the adiabatic connection integrand between its weak- and strong-interaction limits. This way, information from both extreme correlation regimes is taken into account on a similar footing. These interpolations can be performed on the global \[[@CR7]--[@CR12]\] (i.e., integrated over all spaces) ingredients, or in each point of space, using energy densities \[[@CR13]--[@CR15]\]. As well known, energy densities are not uniquely defined and one should be sure, when doing an interpolation between weak coupling and strong coupling in each point of space, that all the input local quantities are defined in the same way \[[@CR13]--[@CR16]\], which makes the use of semilocal approximations very difficult, a problem shared with local hybrids \[[@CR17]--[@CR20]\]. Non-local functionals for the strong-interaction limit \[[@CR21], [@CR22]\] or the physical regime \[[@CR23]\] are needed in this context, as full compatibility with the exact exchange energy density is required.

Interpolations constructed from the global ingredients are in general computationally cheaper than their local counterpart, not only because they can use semilocal approximations for the strong-interaction functionals, but also because they do not need energy densities from exact exchange and from second-order perturbation theory, but only their global values. These global interpolations are in principle not size consistent, but it has been recently shown that their size consistency error can be fully corrected at no additional computational cost \[[@CR12]\], allowing for the calculation of meaningful interaction energies \[[@CR12]\]. On the other hand, in all the tests performed so far on small chemical systems \[[@CR14], [@CR15]\], the local interpolations have always been found to be more accurate than the corresponding global ones for systems with more than two electrons. In the He isoelectronic series, the global and local interpolations perform similarly \[[@CR14]\].

The purpose of the present work is to further compare and analyze local and global interpolations when the physical system is in different correlation regimes. In order to disentangle the errors coming from the interpolation itself from those on the input ingredients, we use a model system, two Coulombically interacting electrons in the harmonic potential ("Hooke's atoms") \[[@CR24]--[@CR26]\], which allows us to explore the whole range from weak to strong correlation always using exact input ingredients. We also analyze the kinetic correlation energy density, and particularly how its peak in the origin, which in systems with Coulomb confinement plays an important role for strong correlation \[[@CR27]--[@CR29]\], varies as the system becomes more and more correlated.

Theoretical background {#Sec2}
======================

Density-fixed adiabatic connection {#Sec3}
----------------------------------
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Energy densities {#Sec4}
----------------

Equation ([2](#Equ2){ref-type=""}) can also be written in terms of real-space energy densities $\documentclass[12pt]{minimal}
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There is at present no local expression in the gauge of Eq. ([7](#Equ7){ref-type=""}) for the next leading term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_\infty '[\rho ]$$\end{document}$ in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \rightarrow \infty$$\end{document}$ asymptotic expansion. In fact, the functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_\infty '[\rho ]$$\end{document}$ can be computed from an integral on position-dependent zero-point energies \[[@CR33]\], which, however, do not provide an energy density within the definition of Eq. ([7](#Equ7){ref-type=""}).

Global and local interpolations {#Sec5}
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Hooke's atom series {#Sec6}
-------------------
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Computation of exact energy densities {#Sec7}
=====================================

Given the analytic solutions \[[@CR24]\] $\documentclass[12pt]{minimal}
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We have obtained these energy densities analytically from the exact densities. They are shown in Fig. [1](#Fig1){ref-type="fig"} for the different analytic solutions considered here.Fig. 1Energy densities at $\documentclass[12pt]{minimal}
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The analytic exact Kohn--Sham potentials were used to obtain the virtual Kohn--Sham orbitals needed for the evaluation of Eq. ([11](#Equ11){ref-type=""}). We used an isotropic spherical Gaussian basis with $\documentclass[12pt]{minimal}
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In turn, *f*(*r*) is a fully non-local functional of the density $\documentclass[12pt]{minimal}
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Since we have exact analytic wavefunctions we can also compute the exact energy densities at physical coupling strength $\documentclass[12pt]{minimal}
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Results from global and local interpolations {#Sec12}
============================================

Interpolations using global ingredients {#Sec13}
---------------------------------------
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We have used the interpolation formulas reported in "[Appendix](#Sec19){ref-type="sec"}", namely SPL \[[@CR7]\], LB \[[@CR40]\], ISI \[[@CR9]\] and revISI \[[@CR33]\]. The first two, SPL and LB, use only three ingredients (they do not include $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_\infty '[\rho ]$$\end{document}$), while ISI and revISI use all the four ingredients of Eqs. ([4](#Equ4){ref-type=""})--([5](#Equ5){ref-type=""}). Additionally, we have also used a Padé approximant (see "[Appendix](#Sec19){ref-type="sec"}") which uses $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_0[\rho ], W_0'[\rho ]$$\end{document}$ and the exact $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_1[\rho ]$$\end{document}$, to generate plausible reference adiabatic connection curves, which are shown in Fig. [8](#Fig8){ref-type="fig"}. As expected, as the Hooke's atoms get more correlated, the AC integrand displays a stronger curvature.Fig. 8Scaled adiabatic connection integrand as a function of $\documentclass[12pt]{minimal}
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The error resulting in the correlation energy $\documentclass[12pt]{minimal}
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                \begin{document}$$W_\infty '[\rho ]$$\end{document}$.Fig. 9Errors in the correlation energy resulting from the application of several global interpolations (see "[Appendix](#Sec19){ref-type="sec"}")

For comparison with traditional Density Functional Approximations (DFAs), such as the local density approximation (LDA) \[[@CR41]\] and the PBE GGA \[[@CR42]\], we show the error in the exchange--correlation energy $\documentclass[12pt]{minimal}
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                \begin{document}$$E_{\mathrm{xc}}[\rho ]$$\end{document}$ in the first panel in Fig. [10](#Fig10){ref-type="fig"}. It is clear that the adiabatic connection interpolation methods outperform the PBE method, however at the increased computational cost of a double hybrid. In the second panel in Fig. [10](#Fig10){ref-type="fig"}, we compare the performance of LDA (PW92 \[[@CR41]\]) with GL2 alone and with the $\documentclass[12pt]{minimal}
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                \begin{document}$$E_{\mathrm{xc}}[\rho ]=W_\infty [\rho ]+2 W_\infty '[\rho ]$$\end{document}$, if we include also the second term. The LDA performs poorly already for the first Hooke's atom and its performance worsens as correlation increases. The GL2 method works well for the first Hooke's atom, which is expected since its adiabatic connection integrand resembles a straight line in Fig. [8](#Fig8){ref-type="fig"}, but it is way too negative for the exchange--correlation energy in the more correlated Hooke's atoms. The $\documentclass[12pt]{minimal}
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                \begin{document}$$n>3$$\end{document}$, and the resulting XC energy becomes now less negative than the exact one.Fig. 10Errors in the exchange--correlation energy resulting from the application of several global interpolations and approximations (see text)

Interpolations on energy densities {#Sec14}
----------------------------------

As already mentioned at the end of Sec. [2](#Sec2){ref-type="sec"}, an expression for the energy density corresponding to $\documentclass[12pt]{minimal}
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We see that in the case of LB there is an overestimation of the coupling constant averaged energy density at small *r*, which cancels quite well with an underestimation at large *r*, achieving almost perfect error cancelation. In the case of SPL, there is a smaller overestimation of the correlation at small *r*, coupled with a stronger underestimation of the correlation energy at large *r*, which worsens its performance.Fig. 11Error $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{w}_\mathrm{c}(r)$$\end{document}$ obtained with the same LB approximation (second panel). The high-density scaling is applied. For the LB interpolation formula, see "[Appendix](#Sec19){ref-type="sec"}" Fig. 12Error $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{w}_\mathrm{c}(r)$$\end{document}$ obtained with the same SPL approximation (second panel). The high-density scaling is applied. For the SPL interpolation formula, see "[Appendix](#Sec19){ref-type="sec"}"

Comparison between global and local interpolations {#Sec15}
--------------------------------------------------

Of interest is then comparing the performance of the global and local variants of the Padé, LB and SPL interpolations. In Fig. [13](#Fig13){ref-type="fig"} the relative error on the correlation energy obtained from the local and global interpolation is shown, where in this case we use for both 10 basis states per angular momentum quantum number for the slope. In the case of the Padé interpolation the performance worsens only slightly going from the global to the local interpolation, while for the SPL interpolation there is a dramatic worsening. In the case of the LB interpolation the error switches sign for $\documentclass[12pt]{minimal}
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Kinetic correlation energy densities {#Sec16}
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The coupling constant integration is one possible way to recover the correlation part due to the difference between the true, interacting, kinetic energy $\documentclass[12pt]{minimal}
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Another kinetic correlation energy density that has been defined \[[@CR27]\] and studied \[[@CR43]--[@CR45]\] in the literature, and that has been found to display very interesting features for strongly correlated systems \[[@CR28], [@CR29], [@CR46], [@CR47]\], arises from the work of Baerends and coworkers \[[@CR27], [@CR43]--[@CR45]\],$$\documentclass[12pt]{minimal}
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In the case of a stretched bond, it has been shown that the height of the peak of $\documentclass[12pt]{minimal}
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We have used up to the second order of the small-$\documentclass[12pt]{minimal}
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Conclusions {#Sec18}
===========

We have analyzed the performances of exchange--correlation functionals built from global and local interpolations between the weak- and the strong-interaction limits of DFT for the Hooke's atom series. This case study allows for the use of exact analytical input ingredients, thus disentangling the errors coming from the interpolation itself from those on the input quantities. Surprisingly, we have found that for these systems the global interpolations always outperform their local counterparts, in striking contrast with what had been observed so far for small chemical systems \[[@CR14], [@CR15]\].

We have also compared two different definitions of the kinetic correlation energy density, which plays a crucial role for strongly correlated systems \[[@CR28], [@CR29]\], and that can help in understanding how to extend to the continuum a KS theory that recovers the exact kinetic energy density recently proposed for lattice models \[[@CR54]\].

Appendix: Interpolation formulas {#Sec19}
================================

In the following we report the interpolation formulas in terms of the global ingredients $\documentclass[12pt]{minimal}
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**Interaction Strength Interpolation (ISI) formula** \[[@CR8], [@CR9]\]$$\documentclass[12pt]{minimal}
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